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Appendix

Proof of Lemma 1 To prove uniqueness suppose there exist two Nash bargaining solutions
(x, y) and (x 0, y 0). Since utility functions are strictly concave, both individuals would prefer
any convex combination of (x, y) and (x 0, y 0) over (x,y) and (x0, y0). These convex combi-
nations are feasible which yields a contradiction.

Proof of Lemma 2 If Pareto improving allocations exist, the maximised Nash product
N(x�, y�) must be strictly positive, i.e. both individuals must be strictly better off than with
their endowment. Such a Pareto improving allocation exists if the problem

max
x;y

U2ðx; yÞ s.t. F ðx; yÞ þ e1x ¼ e1

has a value U2 > e2. Let ~xðyÞ denote the x that solves the constraint for a given y. Implicitly
differentiating we find that1

dex
dy

¼
�Fy

Fx þ e1
:

Substituting ~xðyÞ into U2(x, y) and differentiating yields

dU2

dy
¼ �F2x

dex
dy

� F2y � e2:

In particular, a Pareto improving allocation exists if

dU2

dy

����
y¼0

> 0

or

F2xð1; 0Þ
Fyð1; 0Þ

Fxð1; 0Þ þ e1
� F2yð1; 0Þ � e2 > 0:

Noting that limy!0 Fy(1, y) ¼ þ1 and limx!1 F2x(x, 0) ¼ limx!0Fx(x, 1) ¼ þ1 implies
that this condition is always fulfilled. Hence, U(x�, y�) � e1 > 0 and U2(x�, y�) � e2 > 0. h

Proof of Lemma 3 At any boundary solution one of the individuals, say individual 1, re-
ceives nothing of one of the goods. Let us first look at an allocation with y ¼ 0. In this case
individual 1 is no better off than with his initial endowment, and hence such an allocation

1 Recall that we have assumed that I is bounded below such that the goods always remain �goods�.
Here, this implies Fx þ e1 > 0.
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cannot be a bargaining solution by Lemma 2. Now turn to an allocation with x ¼ 0. For this
to be a bargaining solution it must hold that

@N ðx; yÞ
@x

¼ Fxð0; yÞ þ e1½ � U2ð0; yÞ � e2½ � � U ð0; yÞ � e1½ �F2xð0; yÞ � 0:

But since U2(x�, y�)�e2>0 and limx!0 Fx(x, y) ¼ þ1, whereas F2x(0, y) ¼ Fx(1, 1�y) is
finite, this condition can never be fulfilled. Hence, there cannot be a boundary solution
where individual 1 gets nothing. By symmetry, also all boundary solutions with individual 2
getting nothing of one of the goods can not be a solution. Hence, the solution must always
be in the interior.

Proof of Proposition 1 By Lemmata 2 and 3 for all e1, e2 the solution is interior, and the
constraints U(x, y) � e1 and U2(x, y) � e2 are not binding. Hence, x� and y� are simulta-
neously determined by the first order conditions, Nx ¼ 0, Ny ¼ 0. By the implicit function
theorem x�(Æ,Æ) and y�(Æ,Æ) are differentiable in e1 and e2.

2

We will show that for all e1 � 0

@F x�ðe1; e2Þ; y�ðe1; e2Þ½ �
@e1

¼ Fx
@x�

@e1
þ Fy

@y�

@e1
> 0: ð2Þ

Differentiating Nx ¼ 0, Ny ¼ 0 with respect to e1, we get that

@x�

@e1
¼

Nye1Nxy � Nxe1Nyy

NxxNyy � ðNxyÞ2 and
@y�

@e1
¼

Nxe1Nxy � Nye1Nxx

NxxNyy � ðNxyÞ2 : ð3Þ

Since the second order necessary condition, NxxNyy�(Nxy)
2 � 0, is satisfied at an interior

solution, we will show that at e1 � 0

Nxe1ðFyNxy � FxNyyÞ þ Nye1ðFxNxy � FyNxxÞ > 0:

Since

Nxe1 ¼F2 � e2y þ F2xð1 � xÞ > 0

Nye1 ¼ð1 � xÞðF2y þ e2Þ � 0;

it holds that

Nxe1 �2Fye1ðF2y þ e2Þ
� �

þ Nye1 2FyF2xe1 ¼
�2ðF2 � e2yÞe1FyðF2y þ e2Þ � 0:

Note that F2 > e2y. Otherwise the allocation would not be Pareto improving. Thus, it
suffices to show that

FyNxy � FxNyy > �2Fye1ðF2y þ e2Þ ð4Þ

and

FxNxy � FyNxx > 2FyF2xe1: ð5Þ

At an interior solution MRS1 ¼ MRS2, which implies that

2 Strictly speaking, the implicit function theorem requires the second order condition Nxx Nyy�(Nxy)
2

to be non–zero. We assume this to be satisfied.
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Fx þ e1
Fy

¼ F2x

F2y þ e2
:

Thus, we have

FyF2x ¼ FxðF2y þ e2Þ þ e1ðF2y þ e2Þ ð6Þ

Given that

Nxy ¼ FxyðF2 � e2yÞ þ F2xyðF þ e1x � e1Þ
� Fxðe2 þ F2yÞ � FyF2x � e1ðF2y þ e2Þ

we can define

N 0 :¼ �2FyF2x < Nxy;

where the inequality follows from (6). To verify claim (4) we show that
FyN

0 � FxNyy > �2Fye1(F2y þ e2) at e1 � 0.

FyN
0 � FxNyy

¼ 2FxFye2 þ 2FyðFxF2y � FyF2xÞ�FxFyyðF2 � e2yÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
>0

�FxF2yyF|fflfflfflfflffl{zfflfflfflfflffl}
>0

:

By (6) it follows that

2FxFye2 þ 2FyðFxF2y � FyF2xÞ ¼ �2Fye1ðF2y þ e2Þ;

which proves (4).
Equation (5) is satisfied if FxN

0 � FyNxx > 2FyF2xe1. But this follows immediately:

FxN
0 � FyNxx

¼ �2FxFyF2x � FyðF2xxF � 2ðFx þ e1ÞF2x þ FxxðF2 � e2yÞÞ
¼ 2FyF2x e1 �FyF2xxF|fflfflfflfflffl{zfflfflfflfflffl}

>0

�FyFxxðF2 þ e2yÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
>0

:

Therefore, fitness is strictly increasing in e1 for all e1 � 0. h
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