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Production Theory

1) There are three goods. Goods 1 and 2 are inputs. The third, with amount q, is the output. Output can be

produced by two techniques that can be operated simultaneously or separately. The techniques are not necessarily

linear. The first (respectively, second) technique uses only the first (respectively, second) input. Thus the first

(respectively, the second) technique is completely specified by φ1(q1) [respectively, φ2(q2)], the minimal amount of

input one (respectively, two) sufficient to produce the amount of output q1 (respectively, q2). The two functions,

φ1(·) and φ2(·) are increasing and φ1(0) = φ2(0) = 0. 1

(a) Describe the three-dimensional production set associated with these two techniques. Assume free disposal.

(b) Give sucient conditions on φ1(·) and φ2(·) for the production set to display additivity.

(c) Suppose that input price are w1 and w2. Write the first order conditions for profit maximization and interpret.

Under which conditions on φ1(·) and φ2(·) will the necessary conditions be sufficient?

(d) Show that if φ1(·) and φ2(·) are strictly concave, then a cost-minimizing plan cannot involve the simultaneous

use of the two techniques. Interpret the meaning of the concavity requirement, draw the isoquants in the two-

dimensional space of input uses.

2) A firm has a production function given by:

f(z1, z2, z3, z4) = min{2z1 + z2, z3 + 2z4}

(a) What is the cost function for this technology?

(b) What is the conditional demand function for factors 1 and 2 as a function of factor prices (w1, w2) and output

y?

1[Hint: q1 + q2 = q and φ1(q1) = f−1
1 (good 1) with f1 production function.]
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3) Calculate the factor demands and the profit function in the following cases:

(a) f(z1, z2) = a1 ln z1 + a2 ln z2

(b) f(z1, z2) = zα1
1 zα2

2

(c) f(z1, z2) = min{z1, z2}β

What conditions must be satisfied by a1, a2, α1, α2, β?

4) A firm can produce good q from factors (z1, z2). Factor prices are w ∈ R2
+. The price of the output is p ∈ R+.

The firm has a differentiable cost function C(w1, w2, q). Restrict attention to interior solutions.

(a) Show that a sufficient condition for this cost function to be strictly convex in q is that the production function

is strictly concave in(z1, z2).

(b) Assume for the remainder of the question that C(w1, w2, q) is strictly convex in q. Obtain an expression of the

profit-maximizing output response to a marginal increase in the output price.

(c) Suppose now that factor 2 cannot be adjusted in the short run. As a result, the short-run cost function of the

rm becomes

Cs(q|z̄2) = w1z1 + w2z̄2

where z1 is chosen so that f(z1, z̄2) = q. As in point (b), obtain an expression of the profit-maximizing output

response to a marginal increase in the output price, when factor 2 cannot be adjusted.

(d) Using the results in (b) and (c), show that

∂q?(w, p)

∂p
≥ ∂q?s (w, p|z̄2)

∂p

Explain the intuition behind this result.

5) Consider a firm with conditional factor demand functions of the form

z1 = 1 + 3w
−1/2
1 wa2

z2 = 1 + bw
1/2
1 wc2

Output has been set equal to one for convenience. What are the values of the parameters a, b and c and why?

Explain all the conditions you use.

6) Show that a profit-maximizing bundle will typically not exist for a technology that exhibits increasing returns

to scale as long as there is some point that yields a positive profit.
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