Lecture 12: Equilibrium Re…nements for
Extensive Form Games
Extensive form games have many many Nash-equilibria, some not plausible
(”incredible threats”)
Example: …gure 3.14
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1. Subgame Perfection
De…nition: A subgame G of an extensive form game T consists of a single
node x and all its successors in T , with the property that if x 2 G and
x 0 2 h(x ), then x 0 2 G . x and x 0 are in the same information set in G i¤
they are in the same information set in T . The payo¤-function of G is the
restriction of the original payo¤-function of T to those terminal nodes
belonging to G .
Example: Stackelberg and Cournot game
Note: Every extensive form game is a subgame of itself.
b be the set of information
Let σi be a behavior strategy of T , and let H
bi with
sets belonging to a subgame G . Then the restriction of σi to G is σ
b
bi (. j hi ) = σi (. j hi ) for all hi 2 H.
σ
De…nition: A behavior strategy pro…le σ is subgame perfect, if the
restriction of σ to any subgame G is a Nash- equilibrium of G for every
subgame.
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Every subgame perfect equilibrium is a Nash equilibrium, but not the other
way round
Theorem: Every …nite extensive form game has at least one subgame
perfect equilibrium.
”Proof” (Application of backward induction): For any terminal node, take
the subgame which contains this terminal node, and which does not
contain any ”smaller” subgame. Calculate the Nash-equilibria of these
subgames, and create a new game by replacing each subgame by the
payo¤s of one of the Nash-equilibria of this subgame. For this new game,
the take for any terminal node the ”smallest” subgame containing the
terminal node, etc. Since the game is …nite, this process comes to an end
after …nite steps. The strategy combination consisting of the
Nash-equilibrium pro…les of all subgames is obviously subgame perfect.
Backward induction: only feasible for …nite games
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2. Problems with Subgame Perfection
Rationality after unexpected moves
Example: Centipede game …gure 9.B.8
Survival of unplausible equilibria
Example: Another market entry game …gure 9.C.1.
To deal with second problem: Explicit speci…cation of beliefs at
information sets with more than one node.

()

October 4, 2013

4 / 10

3. Beliefs
Denote by ih the player controling information set h.
De…nition: A system of beliefs µ for an extensive form game Γ is a
speci…cation of a probabilities µ(x ) 2 [0, 1] for each x in Γ such that

∑ µ (x ) = 1

x 2h

for all h 2 H.
For each information set h the belief system µ speci…es a probability
distribution over the nodes x belonging to h.
Interpretation: For each info set h the belief system µ speci…es the belief of
player ih at which node within the info set he is when h is actually reached.
Whenever h consists of only one node, there is trivially only one belief
possible.
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4. Perfect Bayesian Equilibrium
De…nition: A belief system µ is consistent with a strategy pro…le b if it
holds for all x, x 2 hx , that
µ (x ) =

prob (x jb )
prob (hx jb )

whenever prob (hx jb ) > 0.
"Whenever the strategy pro…le b does not exclude that a particular info
set hx is reached, the belief of the player ihx is consistent with Bayesian
updating".
Recall: prob (h jb ) = ∑x 2h prob (x jb )
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De…nition: A stategy pro…le b is sequentially rational with respect to a
belief system µ if for all information sets h 2 H the following holds:
i
E [uih jh, µ, bih , b ih ] E [uih h, µ, e
bih , b ih
for all e
bih 2 Bih that allow to reach h.

"Given that info set h is reached, given player ih ’s belief about where in
the info set he is, and given what the other players are doing, player ih ’s
choice at h maximizes his expected payo¤."
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De…nition: A strategy pro…le b and a belief system µ form a Perfect
Bayesian Equilibrium (PBE) if:
i) µ is consistent with b, and
ii) b is sequentially rational with respect to µ.
But: Depending on the application, PBE is sometimes too weak - does not
respect subgame perfection.
Example: Figure 9.C.5
Problem: No restrictions on beliefs of info sets that should not be reached
=)
sometimes stronger requirements on the beliefs needed.
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5. Sequential Equilibrium
If bm is a completely mixed strategy pro…le, all info sets are reached with
positive probability )
unique belief pro…le µ that is consistent with bm , denoted by µ(bm ).
k g be a converging sequence of completely mixed strategy pro…les
Let fbm
k = b.
with limk !∞ bm
k g,
Take the limit of the belief pro…les consistent with the fbm
k
limk !∞ µ(bm ) = µ. µ is unique and consistent with b.
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De…nition: A strategy pro…le b and a belief system µ form a Sequential
Equilibrium if:
i) b is sequentially rational with respect to µ.
k g
ii) There exists a sequence of completely mixed strategy pro…les fbm
k
k
such that limk !∞ bm = b and limk !∞ µ(bm ) = µ.
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